This paper is concerned with the unilateral contact problem in linear elasticity. We define two a posteriori error estimators of residual type to evaluate the accuracy of the mixed finite element approximation of the contact problem. Upper and lower bounds of the discretization error are proved for both estimators and several computations are performed to illustrate the theoretical results.
Introduction
The finite element method is currently used in the numerical realization of contact problems occurring in several engineering applications (see [24, 19, 18, 25, 30] ). An important task consists of evaluating numerically the quality of the finite element computations by using a posteriori error estimators. There are two important difficulties in developing such tools for contact problems in elasticity: the first one comes from the inequality (unilateral) conditions in the model and the second one is due to the location of these inequality conditions which hold on (a part of) the boundary. For the linear elasticity system with standard boundary conditions (leading to a variational identity), many different approaches leading to various error estimators have been developed and a review of the different a posteriori error estimators can be found in [29] . Some of these approaches have been chosen and studied for frictionless or frictional unilateral contact problems, in particular in [31, 7, 26] (residual approach using a penalization of the contact condition or the normal compliance law), in [12, 10] (equilibrated residual method) and finally in [14] (residual approach for BEM-discretizations).
Besides, let us mention that many studies dealing with residual estimators for scalar variational inequality problems of the first kind have been achieved in other contexts than elasticity. In particular a great effort was devoted to the obstacle problem (see e.g., [6, 8, 27] and the references therein). Moreover a residual type estimator for the Signorini problem in its standard formulation can be found in [21] (note that the Signorini problem could be seen as a simplification in the scalar case of the unilateral contact model). For residual estimators dealing with variational inequalities of the second kind we refer the reader to [5] and the references therein. We recall that a variational inequality of the first (resp. second) kind is of the form:
where X is an Hilbert space, C ⊂ X is a nonempty closed convex set, a(., .) is bilinear, X-elliptic and continuous on X ×X, L(.) is linear and continuous on X, j(.) is proper convex and lower semi continuous on X (with values in R∪{+∞}). More details concerning variational inequalities of the first or second kind can be found in e.g., [2, 17] .
In the present work we are interested in developing residual estimators for the two-dimensional unilateral contact model in linear elasticity. This problem can be written as a variational inequality of the first kind but also (among others) as a mixed formulation where the unknowns are the displacement field and the contact pressure.
The paper is organized as follows. In Section 2 we introduce the equations modelling the frictionless unilateral contact problem between an elastic body and a rigid foundation. We write the problem using a mixed formulation where the unknowns are the displacement field in the body and the pressure on the contact area. In the third section, we choose a classical discretization involving continuous finite elements of degree one and continuous piecewise affine multipliers on the contact zone. Section 4 is concerned with the study of a first residual estimator which can be seen as the natural one arising from the discrete problem. We obtain both global upper and local lower bounds of the error. In section 5 we consider a second estimator resulting from another discrete model where the displacement field is the same as in the first model but where the multiplier is modified. The main novelty of the second discrete model is that the multipliers have a constant sign. As in Section 4, we obtain global upper and local lower bounds of the error. Finally in section 6 we implement both estimators and we compare them on several examples.
Finally we introduce some useful notation and several functional spaces. In what follows, bold letters like u, v, indicate vector valued quantities, while the capital ones (e.g., V, K, . . .) represent functional sets involving vector fields.
As usual, we denote by (L 2 (.)) d and by (H s (.)) d , s ≥ 0, d = 1, 2 the Lebesgue and Sobolev spaces in one and two space dimensions (see [1] ). The usual norm of (H s (D)) d is denoted by · s,D and we keep the same notation when d = 1 or d = 2. For shortness the (L 2 (D)) d -norm will be denoted by · D when d = 1 or d = 2. In the sequel the symbol | · | will denote either the Euclidean norm in R 2 , or the length of a line segment, or the area of a plane domain. Finally the notation a b means here and below that there exists a positive constant C independent of a and b (and of the meshsize of the triangulation) such that a ≤ C b. The notation a ∼ b means that a b and b a hold simultaneously.
The unilateral contact problem in elasticity
Let Ω represent an elastic body in R 2 where plane strain assumptions are assumed. The boundary ∂Ω is supposed to be polygonal, i.e., it is the union of a finite number of linear segments. Moreover we suppose that the boundary consists in three nonoverlapping parts Γ D , Γ N and Γ C with meas(Γ D ) > 0 and meas(Γ C ) > 0. The normal unit outward vector on ∂Ω is denoted n = (n 1 , n 2 ) and we choose as unit tangential vector t = (−n 2 , n 1 ). In its initial configuration, the body is in contact on Γ C and we suppose that the unknown final contact zone after deformation will be included in Γ C . The body is clamped on Γ D for the sake of simplicity. It is subjected to volume forces f = (f 1 , f 2 ) ∈ (L 2 (Ω)) 2 and to surface forces g = (g 1 , g 2 ) ∈ (L 2 (Γ N )) 2 .
The unilateral contact problem in elasticity consists in finding the displacement field u : Ω → R 2 verifying the equations and conditions (1)- (6) :
where div denotes the divergence operator of tensor valued functions and σ = (σ ij ), 1 ≤ i, j ≤ 2, stands for the stress tensor field. The latter is obtained from the displacement field by the constitutive law of linear elasticity
where A is a fourth order symmetric and elliptic tensor and ε(v) = (∇v + t ∇v)/2 represents the linearized strain tensor field. On Γ D and Γ N , the conditions are as follows:
Afterwards we choose the following notation for any displacement field v and for any density of surface forces σ(v)n defined on ∂Ω:
The conditions modelling unilateral contact on Γ C are (see e.g., [15, 16, 13] ):
Finally the condition σ t (u) = 0 (6) on Γ C means that friction is omitted.
In order to derive the variational formulation of (1)-(6), we consider the Hilbert space
equipped with the H 1 (Ω)-norm. We further use the Hilbert space
For our next uses, we introduce the trace space H 1 2 (Γ C ) as follows:
where γ is the standard trace operator from H 1 (Ω) to H 1 2 (∂Ω) (see [1] ). The topological dual space of H 1 2 (Γ C ) will be denoted by H − 1 2 (Γ C ), whose norm is
where the notation ., . − 1 2 , 1 2 ,Γ C represents the duality pairing between H − 1 2 (Γ C ) and H 1 2 (Γ C ). The forthcoming mixed variational formulation uses the following convex cone of multipliers on Γ C
for any u and v in V and µ in H − 1 2 (Γ C ).
The mixed formulation of the unilateral contact problem without friction (1)-(6) consists then in finding u ∈ V and λ ∈ M such that:
An equivalent formulation of (7) consists in finding (λ, u) ∈ M × V satisfying
Another classical weak formulation of problem (1)-(6) is a variational inequality: find u such that
where K denotes the closed convex cone of admissible displacement fields satisfying the non-penetration conditions:
The existence and uniqueness of (λ, u) solution to (7) has been stated in [19] . Moreover, the first argument u solution to (7) is also the unique solution of problem (8) and λ = −σ n (u).
Mixed finite element approximation
We approximate this problem by a standard finite element method. Namely we fix a family of meshes T h , h > 0, regular in Ciarlet's sense [9] , made of closed triangles. For K ∈ T h we recall that h K is the diameter of K and h = max K∈T h h K . The regularity of the mesh implies in particular that for any edge E of K one has h E = |E| ∼ h K .
Let us define E h (resp. N h ) as the set of edges (resp. nodes) of the triangulation and set E int 
h contains the nodes in Γ C which are not vertices of Ω). For an element K, we will denote by E K the set of edges of K and according to the above notation, we set
For an edge E of an element K, introduce n K,E = (n 1 , n 2 ) the unit outward normal vector to K along E and the tangent vector t K,E = n ⊥ K,E = (−n 2 , n 1 ). Furthermore for each edge E we fix one of the two normal vectors and denote it by n E and we set t E = n ⊥ E . The jump of some vector valued function v across an edge E ∈ E int h at a point y ∈ E is defined as
Note that the sign of [[v] ] E depends on the orientation of n E . Finally we will need local subdomains (also called patches). As usual, let ω K be the union of all elements having a nonempty intersection with K. Similarly for a node x and an edge E, let ω x = ∪ K:x∈K K and ω E = ∪ x∈E ω x . The finite element space used in Ω is then defined by
We suppose that the contact area consists in several straight line segments, that we denote by
In order to express the contact constraints by using Lagrange multipliers on the contact zone, we have to introduce the space
The choice of the space W h allows us to define the following closed convex cone:
The discretized mixed formulation of the unilateral contact problem without friction is to find u h ∈ V h and λ h ∈ M h satisfying:
In order to prove that there is a unique solution to Problem (10) , and since we are in the finite dimensional case, we only have to check (see [19] , Theorem 3.9 and Example 3.8) that
is a norm on W h . So we have to verify that
which is satisfied according to the definition of W h in (9) . As a consequence, we obtain the following statement:
is the solution of (10), then u h is also the unique solution of the variational inequality: find u h such that
where K h denotes the discrete closed convex cone of admissible displacement fields satisfying the non-penetration conditions, i.e.,
Proof: Taking µ h = 0 and µ h = 2λ h in (10) leads to b(λ h , u h ) = 0 and to
The latter inequality implies by polarity that u hn ∈ −M * h (the notation X * stands for the positive polar cone of X for the inner product on W h induced by b(., .), see [22] ,
and for any v h ∈ K h , we get
owing to λ h ∈ Q * h . Putting together (12) and (13) implies that u h is solution of the variational inequality (11) which admits a unique solution according to Stampacchia's theorem.
Remark 3.4 A priori error analyses for this discretization of the unilateral contact problem can be found in [4, 11, 23] . The a priori error estimates are of order [4, 11] ). If an additional assumption dealing with the finiteness of transition points between contact and separation is added then an optimal error estimate of order h 1/2+ν is obtained (see [23] ).
We consider the quasi-interpolation operator π h : for any v ∈ L 1 (Ω), we define π h v as the unique element in
where for any
The following estimates hold (see, e.g., [29] )
Since we deal with vector valued functions we can define a vector valued operator (which we denote again by π h for the sake of simplicity) whose components are defined above. Consequently we can directly state the
4 A first error estimator: η
Definition of the residual error estimators
The element residual of the equilibrium equation (1) is defined by
As usual this element residual is replaced by some computable finite dimensional approximation called approximate element residual
A current choice is to take
and is then negligible with respect to the estimator η defined hereafter. In the same way g is approximated by a computable quantity denoted g E on any E ∈ E N h . 
where the notations λ h+ and λ h− denote the positive and negative parts of λ h , respectively; J E,n (u h ) means the constraint jump of u h in normal direction, i.e.,
The local and global approximation terms are defined by
Remark 4.2 In the Definition 4.1, we could also set instead of η 5K :
Upper error bound
Theorem 4.3 Let (λ, u) be the solution of (7) and let (λ h , u h ) be the solution of (10).
Proof: Afterwards we adopt the following notation for the displacement error term:
Let v h ∈ V h . From the V-ellipticity of a(., .) and the equilibrium equations in (7) and (10) we obtain:
Integrating by parts on each triangle K, using the definition of J E,n (u h ) in (17) and
Splitting up the integrals on Γ C into normal and tangential components gives:
We now need to estimate each term of this right-hand side. For that purpose, we take
where π h is the quasi-interpolation operator defined in Lemma 3.6.
We start with the integral term. Cauchy-Schwarz's inequality implies
and it suffices to estimate u − v h K for any triangle K. From the definition of v h and (15) we get:
As a consequence
We now consider the interior and Neumann boundary terms in (20) : as previously the application of Cauchy-Schwarz's inequality leads to
Therefore using the expression (21) and estimate (16), we obtain
Inserting this estimate in the previous one we deduce that
The two following terms are handled in a similar way as the previous ones so that
and
Noting that u hn ≤ 0 on Γ C , we have
and it remains to estimate one term in (20) . Using the discrete complementarity
The last term in the previous expression is estimated using Cauchy-Schwarz's and Young's inequalities:
for any α > 0. A standard trace theorem implies the existence of C > 0 such that
Estimates (28) and (29) give
for any α > 0.
Putting together the estimates (22), (23), (24) , (25) , (26) , (27) and (30) with α small enough in (20) , and using Young's inequality, we come to the conclusion that
We now search for an upper bound on the discretization error λ−λ h corresponding to the multipliers. Let v ∈ V and v h ∈ V h . From the equilibrium equations in (7) and (10) we get:
An integration by parts on each element K gives
Choosing v h = π h v where π h is the quasi-interpolation operator defined in Lemma 3.6 and achieving a similar calculation as in (22), (23), (24) , (25) and (26) we deduce that
Putting together the two estimates (31) and (32) ends the proof of the theorem.
Lower error bound
Theorem 4.4 For all elements K, the following local lower error bounds hold:
Assume that λ ∈ L 2 (Γ C ). For all elements K such that K ∩ E C h = ∅, the following local lower error bounds hold:
Proof: The estimates of η 1K and η 2K in (33) and (34) are standard (see, e.g., [28] ).
We now estimate η 3K . Writing w E = w En n + w Et t on E ∈ E C K and denoting by b E the edge bubble function associated with E (i.e., b E = 4λ a 1 λ a 2 , when a 1 , a 2 are the two extremities of E; we recall that λ x is the standard basis function at node x in V h satisfying λ x (x ′ ) = δ x,x ′ for any node x ′ , see (14)), we choose w En = (λ h + σ n (u h ))b E and w Et = 0 in the element K containing E (here we made a slight abuse of notation to simplify) and w E = 0 in Ω \ K. Therefore
An inverse inequality and estimate (33) imply
This estimate gives the estimate of η 3K in (35). The bound of η 4K in (36) is obtained as previously by choosing w En = 0 and
The last estimate implies (37) by taking the square root.
The estimate on η 6K is obvious. Since λ ≥ 0 then we have 0
and (38) is proved.
Remark 4.5 Assume that u ∈ (H 2 (Ω)) 2 (so λ ∈ H 1 2 (Γ C )), and that optimal a priori error estimates hold (note that the question of optimality remains open in the a priori error analysis since the known a priori error estimates are not optimal) and define: 
A second error estimator:η
The analysis of this error estimator requires a nonstandard definition of the error (in comparison with the already known results in the literature dealing with contact problems). We begin with some preliminaries.
Preliminaries
For any µ h ∈ W h and v h ∈ V h we define the bilinear form c(., .) such that
where I h is the linear Lagrange interpolation operator at the nodes of Γ i C (to simplify the notations we write I h instead of I i h ). Let W + h be the closed convex cone of nonnegative functions in W h . We define the following discrete problem issued from (7) 
The following proposition establishes the link between problems (39) and (10).
The displacement field u h in (39) coincides with the displacement field solving (10) (and also with the one solving (11)). (iii) The link between the contact pressuresλ h and λ h solving (39) and (10) is:
More precisely, if ψ i j denotes the (scalar) canonical basis function at node
Proof: (i). As for problem (10) and according to [19] (Theorem 3.9 and Example 3.8), it suffices to verify that
The latter condition is fulfilled according to the definition of W h in (9) .
(ii). The discussion is the same as in Proposition 3.3 noting that c(., .) induces an inner product on W h and that W + h is a closed convex cone.
where the notation # stands for the cardinal of a set. We denote by ψ i j the "canonical basis function" at node x j in Γ i C \Γ D (i.e., ψ i j is defined on ∪ ℓ Γ ℓ C , the support of ψ i j lies in Γ i C , ψ i j is continuous and piecewise of degree one on Γ i C , and
Without loss of generality we can assume that the unit outward normal vector along Γ i C is equal to (0, −1) and then the unit outward normal vector along Γ i+1 C is equal to (− sin θ, cos θ), for some θ ∈]0, 2π[ such that θ = π (θ being the interior angle between Γ i C and Γ i+1 C ). Since v h · n is linear on Γ i C and Γ i+1 C , it suffices to show that v h · n coincides with ψ i j at the nodes. Therefore we take v h equal to zero at each node except x j and for the values at
As sin θ = 0, this system has the unique solution: v h1 (x j ) = −cos θ/sin θ and v h2 (x j ) = −1. The solution w h is obtained similarly and is characterized by
w h being zero at the other vertices. Equality (41) follows from (40) and the previous discussion.
Remark 5.2
The a priori error estimates for the discretization (39) of the unilateral contact problem are given in [20] . The obtained estimates are the same as for the discretization (10) (see Remark 3.4).
Definition of the residual error estimators
As for the first estimator the element residual is defined by divσ(u h )+f = f on K and this element residual is replaced by some computable finite dimensional approximation called approximate element residual: f K ∈ (P k (K)) 2 . Similarly g is approximated by a computable quantity denoted g E on any E ∈ E N h .
Definition 5.3 (Second residual error estimator)
The local and global residual error estimators are defined bỹ
where we recall that J E,n (u h ) is the constraint jump of u h in normal direction defined by (17) . As in the previous section, the local and global approximation terms ζ K and ζ are defined by (18) .
Remark 5.4 From the previous definitions we haveη 1K = η 1K ,η 2K = η 2K and η 4K = η 4K . We mention that there is no term as η 6 in the second estimator since the multipliersλ h are of constant sign (note that a similar approach was adopted in [27] for the obstacle problem).
Upper error bound
Theorem 5.5 Let (λ, u) be the solution of (7) and let (λ h , u h ) be the solution of (39). We have
Proof: We adopt the following notations for the error term in the displacement:
According to the V-ellipticity of a(., .) and the equilibrium equations in (7) and (39) we obtain:
Integrating by parts on each triangle K, using the definition of J E,n (u h ) in (17) and the complementarity conditions b(λ, u) = b(λ h , u h ) = c(λ h , u h ) = 0 gives:
which is the same inequality as in (19) according to (40) . Splitting up the integrals on Γ C into normal and tangential components yields:
As before to estimate each term of this right-hand side, we take v h of the form (21) .
We start with the integral term. As in the case of the first estimator we deduce from (21) and (15) that
We now consider the interior and Neumann boundary terms in (42): as previously the application of Cauchy-Schwarz's inequality and (16) 
and it remains to estimate two terms in (42), namely
The integral term in the previous expression is estimated as follows using a basic error estimate of numerical integration (trapezoidal formula):
Above we have used the H 1 stability of π h , proved in Lemma 3.1 of [8] (see also [28] ) and the trace inequality on an element (see [28] ).
Putting together the estimates (43), (44), (45), (46), (47), (48), (49) and (50) in (42) and using Young's inequality, we come to the conclusion that
Next we search for an upper bound on the discretization error λ−λ h corresponding to the multipliers. Let v ∈ V and v h ∈ V h . From the equilibrium equations in (7) and (39) we get:
An integration by parts on each element K yields
Choosing v h = π h v where π h is the quasi-interpolation operator defined Lemma 3.6 and achieving a similar calculation as in (43), (44), (45), (46), (47) and (50) we deduce
Putting together the two estimates (51) and (52) ends the proof of the theorem.
Lower error bound
Theorem 5.6 For all elements K, the following local lower error bounds hold:
Proof: According to Remark 5.4 and Theorem 4.4 we only need to estimateη 3K and η 5K .
We first estimateη 3K . Writing w E = w En n + w Et t on E ∈ E C K and denoting by b E the edge bubble function associated with E (i.e., b E = 4λ a 1 λ a 2 , when a 1 , a 2 are the two extremities of E), we choose w En = (λ h + σ n (u h ))b E and w Et = 0 in the element K containing E (here we made a slight abuse of notation to simplify) and w E = 0 in Ω \ K. So
An inverse inequality and estimate (53) imply
, h E is supposed small enough) and we have used the following embedding (see [3] ): for any real number
where C is independent of p. Definẽ
Assume that optimal a priori error estimates hold (this requires additional assumptions, see Remark (5.2)). Then the previous result leads to the following bounds:η i h, 1 ≤ i ≤ 4 andη 5 h 3/4 (− ln(h)) 1/4 . Thereforeη h 3/4 (− ln(h)) 1/4 . If we use only the known a priori error estimates (see Remark (5.2)), we get:η i h 3/4 , 1 ≤ i ≤ 4 andη 5 h 5/8 (− ln(h)) 1/4 . Thereforeη h 5/8 (− ln(h)) 1/4 and our result is not far away from "optimality" since we have a loss of convergence of only h 1/8 (− ln(h)) −1/4 .
The second error estimator allows us to obtain improved upper and lower bounds of the error in comparison with the one in the previous section. Note that the definition of the discretization error was modified in this section where we compare u−u h 1,Ω + λ −λ h − 1 2 ,Γ C withη (whereas in the previous section we compare u − u h 1,Ω + λ − λ h − 1 2 ,Γ C with η). The forthcoming numerical experiments will help us to compare the performances of both estimators and suggest us thatη is more appropriate than η for the unilateral contact problem.
Numerical experiments
This section is concerned with the numerical implementation of both estimators. We suppose that the bodies are homogeneous isotropic materials so that Hooke's law (2) becomes:
where I represents the identity matrix, tr is the trace operator, E and ν denote Young's modulus and Poisson's ratio, respectively with E > 0 and 0 ≤ ν < 1/2.
Our main aim is to validate our theoretical results by computing the different contributions of the estimators η andη and their orders of convergence for different meshes. We also compute some effectivity indices and show that the estimator can be determined in more general cases than the theoretical framework. In our numerical experiments we do not consider optimized computations obtained from the estimators and a mesh adaptivity procedure which are beyond the scope of this paper. In the following we denote by N C , the number of elements of the mesh on Γ C . Since we use uniform meshes (made of triangular elements), this parameter measures the size of the mesh.
First example: comparison of the error terms in both estimators
We consider the domain Ω =]0, 1[×]0, 1[. We choose a realistic physical example. Namely we suppose that the body is an iron square of 1m 2 whose material characteristics are E = 2.1 10 11 P a, ν = 0.3 and ρ = 7800kg.m −3 . The body is clamped on Γ D = {1}×]0, 1[, it is initially in contact with Γ C = {0}×]0, 1[ and it is acted on by its own weight only (with g = 9.81m.s −2 ). Moreover Γ N =]0, 1[×({0} ∪ {1}). We begin with achieving computations involving criss-cross meshes (this means that the body is divided into identical squares, each of them being divided into four identical triangles). Figure 1 : Initial and deformed configuration with N C = 50 (deformation is amplified by a factor 2. 10 5 ).
We observe (see Figure 1 ) that Γ C is divided into two parts: an upper part where the body remains in contact with the axis x = 0 and the lower part of Γ C where it separates from this axis. We determine the convergence of all the terms involved in both estimators η andη and we report the results in Table 1 and Table 2 where we adopt the notations of Remarks 4.5 and 5.7:
In these tables we compute the average convergence rates by averaging the rates between N C = 4 and N C = 128 and we give the limit rates if we observe that the rates seem to converge (this is not always the case). Note that the convergence rate of the terms: From the experiments we see that the terms η 2 =η 2 , η 3 ,η 3 and η 4 =η 4 converge towards zero and that η 3 is close toη 3 (η 2 is the term converging the slowest towards zero and we observe that the main part of the error in η andη is located near the singular points (1, 0) and (1, 1) ). The error terms measuring the non fulfillment of the complementary condition (i.e., η 5 andη 5 ) show a convergence rate close to 1.5 which is much higher than the ones expected from the theoretical part (see Remarks 4.5 and 5.7). Moreover η 5 andη 5 are small in comparison with the other terms: this is not surprising since these terms are the only ones which depend on the Young modulus E. More precisely, if u(E) solves the elasticity problem in Figure 1 with a Young modulus E then it is easy to check from (56) that u(E)/k solves the same problem with a Young modulus kE (if we had nonhomogeneous Dirichlet conditions, this would not be true) whereas σ(u(E)) = σ(u(kE)). This implies that η 5 andη 5 behave as E −1/2 and maybe a normalization of η 5 andη 5 would be necessary to avoid this phenomenon. The term η 6 whose theoretical convergence rate is also not optimal shows a non uniform decay towards zero, but faster than η 2 . So we can reasonably expect that η 2 is the greatest term when N C → +∞.
If we choose more general unstructured quasi-uniform meshes (instead of crisscross meshes) on Ω we obtain the following results reported in Tables 3 and 4 : The main conclusions are similar to the ones when criss-cross meshes are used and we notice that the terms η 5 and η 6 converge rapidly but with a non uniform rate towards zero.
From this test we conclude that the implementation ofη is simpler than for η: there is one term less in the computation ofη and the terms η 5 and η 6 involve negative parts of λ h (this would be more difficult to compute, especially in the three-dimensional case). Besides it seems that the convergence rate ofη 5 is more uniform than the ones of η 5 and η 6 and that there are very few elements (near the transition points from contact to separation) where the error ofη 5 is located and this is not the case for η 5 and η 6 .
Second example: a more regular case
We consider the geometryΩ =]0, 2[×]0, 1[ of area 2 square meters. We adopt symmetry conditions (i.e., u n = 0, σ t (u) = 0) on Γ S = {1}×]0, 1[ and we achieve the computations on the square Ω =]0, 1[×]0, 1[. We set Γ C =]0, 1[×{0} and Γ N is the remaining part of the boundary of Ω. A Poisson ratio of ν = 0.2 and a Young modulus of E = 1P a are chosen (the latter value is of course not realistic from a physical point of view). A density of surface forces g of magnitude 1N.m −2 oriented inwards Ω is applied on {0}×]1/2, 1[ and ]1/2, 1[×{1}. Such a configuration corresponds to a K-elliptic case (see [19] , Theorem 6.3) and the problem admits a unique solution. We use criss-cross meshes in this example. Figure 2 depicts the initial and deformed configurations of the body. Here again Γ C shows a contact and a separation part. It is easy to see that the symmetry conditions on Γ S lead to supplementary error terms similar to the ones in η 4 =η 4 and we add these terms to η 2 andη 2 . Moreover we have η 1 =η 1 = 0. The results concerning both estimators are reported in Tables  5 and 6 . As in the previous example, η 2 is the main term in the estimators with the lowest (but greater then in the previous example) convergence rate. We observe that the error is mainly located near the transition point between contact and separation and near the singularities (0, 1/2) and (1/2,1) due to the jumps of the density of surface forces at these points and also, due to the very small Young modulus. As in the previous example the error terms η 5 andη 5 measuring the non fulfillment of the complementary condition converge with an higher rate than theoretically expected. The term η 6 shows a slow convergence rate in comparison with η 5 andη 5 .
If we denote by (a(u − u h , u − u h )) 1/2 the energy norm of the discretization error (which is equivalent to the (H 1 (Ω)) 2 -norm of the error), we compute the convergence rates α,α and β of η,η and (a(u − u h , u − u h )) 1/2 respectively. Moreover we are interested in determining the effectivity indices:
These ratios measure the reliability of our estimators. To our knowledge this problem does not admit an explicit solution u. So, in order to determine (a(u − u h , u − u h )) 1/2 , we need to compute a reference solution denoted by u ref corresponding to a mesh which is as fine as possible. The most refined mesh corresponds to N C = 128 and it furnishes the reference solution u ref which is the chosen approximation for u. Table 7 : Estimators, error in the energy norm and effectivity indices
The results are reported in Table 7 where the errors are computed from N C = 2 to N C = 32 (the value N C = 64 would give a underestimated error in the energy norm since the field u h is then too close to the reference solution). The average convergence rates (between N C = 2 and N C = 32) are the following: α = 0.79, α = 0.79 and β = 0.84 and are therefore close. We also observe that the effectivity indices vary between 3.24 and 3.80 which correspond to reasonable values.
In this example the term η 6 converges slowly whereas the terms η 3 andη 3 , η 5 and η 5 are similar. Concerning the convergence rates of η andη we find that there are similar and that the effectivity indices are also very close. So we conclude that there is no reason to choose η instead ofη which is simpler to implement.
Third example: a Hertz type problem
In this test we consider the contact problem between an elastic disc (of 1m in diameter) and a rigid half plane which corresponds to a Hertz type problem. A Poisson ratio of 0.4 and a Young modulus E = 10000P a are chosen. The aim of this example is to extend the range of applicability of the estimatorη to a more general case involving a curved contact zone with an initial gap between the foundation and the elastic body and an increasing contact area. Initially in the unconstrained configuration, the contact part between the disc and the half-plane is a single point. A density of surface loads g = (0, −200)N.m −2 is applied on the upper quarter part of the boundary so that the problem becomes symmetric. We use quasi-uniform unstructured meshes. Note that the unilateral contact conditions in (5) have to be changed to take into account the gap between the contacting bodies. The conditions modelling unilateral contact on Γ C become: u n − ξ ≤ 0, σ n (u) ≤ 0, σ n (u) (u n − ξ) = 0, where ξ = ξ(x) is the distance from x ∈ Γ C to the rigid foundation. As a consequence the definition ofη 5 in Definition 5.3 has to be changed intõ
. Figure 3 : Initial and deformed configuration (deformation is not amplified).
The initial and a deformed configuration are depicted in Figure 3 . The results concerning the implementation ofη are reported in Table 8 . As previously explained and observed in the first example, the termη 5 is small and it admits a convergence rate which is really more important than theoretically expected. We obtain for this example results which are similar to the previous ones.
Conclusion
In this work we propose and analyze two estimators (η andη) of residual type associated with two mixed finite element approximations of the two-dimensional frictionless unilateral contact problem in linear elasticity. For both estimators we obtain upper and lower bounds of the discretization error. From the numerical experiments we come to the conclusion that the results given by the two estimators are roughly speaking similar and that all the terms converge towards zero with satisfactory convergence rates (the slowest convergence is observed for the classical terms denoted by η 2 and η 2 which measure in particular the constraint jumps across the interior edges, and all the terms coming from the contact approximation converge better). Neverthelessη has one term less to evaluate in comparison with η and its numerical implementation is (a bit) simpler. We also observe that the supplementary term in η (i.e., η 6 ) does not admit in the general case a uniform convergence rate. Our conclusion concerning the comparison of both estimators is thatη could be more promising than η. Besides we see that the error terms measuring the non fulfillment of the complementarity condition (i.e., η 5 andη 5 ) converge much faster than theoretically expected; this allows us to expect that some improved theoretical estimates for these terms could be obtained.
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